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Abstrat
In previous work we have shown how a worldview that has its origins in the ideas
of Aristotle, Leibniz and Mah leads to a quasi-lassial (that is, one-lok) metri the-
ory of gravitation (astro-ph/0107397) whih, for example, when applied to model low sur-
fae brightness spirals (astro-ph/0306228), produes results that have, hitherto, only been
mathed by Milgrom's MOND algorithm. In this paper we show how the natural general-
ization of this worldview into a properly relativisti two-lok theory, applied to model a
spherially symmetri gravitational soure, produes results that annot be distinguished
from the anonial piture for all the standard loal tests and whih, when interpreted as
a radiation model, produes no dipole radiation. Furthermore, although blak-holes within
this piture have an event horizon at the usual Shwarzshild radius, they do not have an
essential singularity at the origin - the solutions are perfetly regular there.
1 Introdution
1.1 A brief history of ideas of spae and time
The oneption of spae as the ontainer of material objets is generally onsidered to have
originated with Demoritus and, for him, it provided the stage upon whih material things play
out their existene - emptiness exists and is that whih is devoid of the attribute of extendedness
(although, interestingly, this latter oneption seems to ontain elements of the opposite view
upon whih we shall omment later). For Newton [1℄, an extension of the Demoritian oneption
was basi to his mehanis and, for him:
... absolute spae, by its own nature and irrespetive of anything external, always
remains immovable and similar to itself.
Thus, the absolute spae of Newton was, like that of Demoritus, the stage upon whih material
things play out their existene - it had an objetive existene for Newton and was primary to
the order of things. In a similar way, time - universal time, an absolute time whih is the same
everywhere - was also onsidered to possess an objetive existene, independently of spae and
independently of all the things ontained within spae. The fusion of these two oneptions
provided Newton with the referene system - spatial oordinates dened at a partiular time - by
means of whih, as Newton saw it, all motions ould be quantied in a way whih was ompletely
independent of the objets onerned. It is in this latter sense that the Newtonian oneption
seems to depart fundamentally from that of Demoritus - if emptiness exists and is devoid of
the attribute of extendedness then, in modern terms, the emptiness of Demoritus an have no
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metri assoiated with it. But it is preisely Newton's belief in absolute spae & time (with the
implied virtual loks and rods) that makes the Newtonian oneption a diret anteedant of
Minkowski spaetime - that is, of an empty spae and time within whih it is possible to have
an internally onsistent disussion of the notion of metri.
The ontrary view is generally onsidered to have originated with Aristotle [2, 3℄ for whom there
was no suh thing as a void - there was only the plenum within whih the onept of the empty
plae was meaningless and, in this, Aristotle and Leibniz [4℄ were at one. It fell to Leibniz,
however, to take a ruial step beyond the Aristotolian oneption: in the debate of Clarke-
Leibniz (1715∼1716) [5℄ in whih Clarke argued for Newton's oneption, Leibniz made three
arguments of whih the seond was:
Motion and position are real and detetable only in relation to other objets ... there-
fore empty spae, a void, and so spae itself is an unneessary hypothesis.
That is, Leibniz introdued a relational onept into the Aristotolian world view - what we all
spae is a projetion of relationships between material bodies into the pereived world whilst
what we all time is the projetion of ordered hange into the pereived world. Of the three
arguments, this latter was the only one to whih Clarke had a good objetion - essentially that
aelerated motion, unlike uniform motion, an be perieved without referene to external bodies
and is therefore, he argued, neessarily perieved with respet to the absolute spae of Newton.
It is of interest to note, however, that in rebutting this partiular argument of Leibniz, Clarke, in
the last letter of the orrespondene, put his nger diretly upon one of the ruial onsequenes
of a relational theory whih Leibniz had apparently not realized (but whih Mah muh later
would) stating as absurd that:
... the parts of a irulating body (suppose the sun) would lose the vis entrifuga
arising from their irular motion if all the extrinsi matter around them were anni-
hilated.
This letter was sent on Otober 29th 1716 and Leibniz died on November 14th 1716 so that we
were never to know what Leibniz's response might have been.
Notwithstanding Leibniz's arguments against the Newtonian oneption, nor Berkeley's ontem-
porary ritiisms [6℄, whih were very similar to those of Leibniz and are the diret anteedants
of Mah's, the pratial suess of the Newtonian presription subdued any serious interest in
the matter for the next 150 years or so until Mah himself piked up the torh. In eet, he
answered Clarke's response to Leibniz's seond argument by suggesting that the inertia of bodies
is somehow indued within them by the large-sale distribution of material in the universe:
... I have remained to the present day the only one who insists upon referring the
law of inertia to the earth and, in the ase of motions of great spatial and temporal
extent, to the xed stars ... [7℄
thereby generalizing Leibniz's oneption of a relational universe. Mah was equally lear in
expressing his views about the nature of time: in eet, he viewed time (speially Newton's
absolute time) as a meaningless abstration. All that we an ever do, he argued in [7℄, is to
measure hange within one system against hange in a seond system whih has been dened as
the standard (eg it takes half of one omplete rotation of the earth about its own axis to walk
thirty miles).
Whilst Mah was lear about the origins of inertia (in the xed stars), he did not hypothesize any
mehanism by whih this onvition might be realized and it fell to others to make the attempt -
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a typial (although inomplete) list might inlude the names of Einstein [8℄, Siama [9℄, Hoyle &
Narlikar and Sahs [10, 11℄ for approahes based on anonial ideas of spaetime, and the names
of Ghosh [12℄ and Assis [13℄ for approahes based on quasi-Newtonian ideas.
It is perhaps one of the great ironies of 20thC siene that Einstein, having oined the name
Mah's Priniple for Mah's original suggestion and setting out to nd a theory whih satised
the newly named Priniple, should end up with a theory whih, whilst albiet enormously su-
essful, is more an heir to the ideas of Demoritus and Newton than to the ideas of Aristotle
and Leibniz. One only has to onsider the speial ase solution of Minkowski spaetime, whih
is empty but metrial, to appreiate this fat.
2 From Leibniz to inertia as a relational property
In our original paper on this topi [14℄, we took the general position of Leibniz, about the re-
lational nature of spae, to be self-evident and onsidered the question of metri within this
general oneptualization. Briey, we began by onstruting a model universe populated by ele-
mentary partiles whose only property was that of ountability. We were then able to arrive at a
theory within whih a metrial three-spae (generally non-Eulidean) is projeted as a seondary
onstrut out of the relationships whih hold within the primary universal distribution of elemen-
tary material. The question of how time arose within the theory is partiularly interesting: the
simple requirement that time should be dened within the theory in suh a way that Newton's
Third Law was automatially satised had the diret onsequene that time beame an expliit
measure of hange within the system, very muh as antiipated by Mah. The overall result was
a quasi-lassial (one-lok) theory of relational gravitation within whih:
• onditions of global dynamial equilibrium (that is, everywhere inertial) held if the elemen-
tary material was distributed fratally, D = 2;
• point-soure perturbations of the D = 2 distribution reovered the usual Newtonian pre-
sriptions for gravitational eets;
• ylindrially symmetri perturbations of the D = 2 distribution, used as rudimentary
models of spiral galaxies and applied to model the dynamis of low surfae brightness
galaxies [15℄, gave results whih were diretly omparable in quality to those obtained
from Milgrom's MOND algorithm [16, 17, 18℄ - and far superior to anything ahieved by
the multi-parameter CDM models.
The rst of these three points refers to the universe that Leibniz was eetively onsidering in
his debate with Clarke of 1715∼1716 - one within whih inertial eets play no part. The seond
and third refer to the universe that Clarke used to refute Liebniz's seond argument, and the one
that Mah had in mind - the universe of rotations and aelerations. Thus, given our original
Leibnizian worldview, we see that inertial eets themselves have their fundamental soure in
hanged material relationships - they, too, are relational in nature.
2.1 A modern Le Sage theory
An unforeseen onsequene of the approah of [14℄ was that the distribution of elementary ma-
terial from whih the D = 2 equilibrium universe was onstruted turned out to have properties
more properly assoiated with ideas of a material vauum rather than a distribution of ordinary
material as we onventionally understand it.
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To be spei, eah of the partiles in the equilibrium universe has an arbitrarily direted psuedo-
veloity property assoiated with it, the magnitude of whih is a global onstant (the same for
every partile). However, this psuedo-veloity property is not a veloity in the onventional
sense, but is more aurately thought of as being a onversion fator from length sales to time
sales - very muh like Bondi's interpretation of c, the light speed. Thus, one an an think of
the matter distribution in the equilibrium universe as similar to a photon gas with the Bondian
omplexity that this `gas' arbitrates between length sales and time sales - within the ontext
of the theory, this is a diret onsequene of the fat that time arises automatially as a measure
of hange within the partile distribution very muh as Mah oneived it.
Gravitational proesses within this universe arise when the D = 2 equilibrium distribution of the
material vauum is disturbed by disrete distributions of ordinary material. Although the theory
is auhed in terms of a onventional metri desription with equations of motion arising in the
anonial fashion from a variational priniple, it an also be thought of as a modern Le Sage-
type theory [19℄ (in Frenh, but see also Aronson [20℄ for a disussion in English ) - that is, as
a pushing gravity theory within whih gravitational eets arise as a onsequene of momentum
transfer between the ever-moving partiles of the vauum gas and ordinary ponderable material.
A modern review of the history of suh theories an be found in [21℄.
The property of inertia itself (resistane to hange in motion) an be understood in the same way
so that obvious similarities with the ideas of Haish, Rueda [22℄ and Haish, Rueda & Putho
[23℄ (onerning the origin of inertia in the eletromagneti zero-point eld) an be diserned.
3 The relativisti generalization
The basi purpose of this paper is to show how our Leibnizian worldview of a relational universe
an be generalized to the ase of relativisti gravitation. Surprisingly, we are able to show that,
for the general N-body ase, linear momentum is exatly onserved and, in the partiular ase
of modelling point-soure gravitation, the resulting model is shown to:
• pass all of the standard loal tests;
• have the usual one-way event horizon at the usual Shwarzshild radius, R = RS say;
• have no singularity at R = 0 - instead, what happens is that inside some boundary R =
R0 < RS gravitation reverses its signature so that, one a partile rosses the blak-hole
boundary R = RS then it orbits in an osillatory fashion about the interior R = R0
boundary;
• be expliity without dipole radiation.
3.1 The general argument
In order to understand, in partiular, how linear momentum is onserved for the N -body ase,
it is useful to repeat, in a muh-ompated and simplied form, the general argument of [14℄
modied to aount for the relativisti generalization.
Following in the tradition of Aristotle, Leibniz, Berkeley and Mah we argue that no onsistent
osmology should admit the possibility of an internally onsistent disussion of empty metri-
al spae & time - unlike, for example, General Relativity whih has the empty spaetime of
Minkowski as a partiular solution. Reognizing that the most simple spae & time to visualize
is one whih is everywhere inertial, then our worldview was distilled into the question:
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Is it possible to oneive a globally inertial spae & time whih is irreduibly assoiated
with a non-trivial global mass distribution and, if so, what are the properties of this
distribution?
The primary step taken in answer to the question was the reognition that, on large enough
sales in the universe of our experiene (say > 30Mpc), the amount of matter in a given spherial
volume in a given epoh an be onsidered as a well-dened (monotoni) funtion of the sphere's
radius.
It follows immediately that, within the universe of our experiene, we an hoose to
dene the radius of any given sphere at any given epoh in terms of the amount of
material ontained within it.
We now use this idea to onstrut a rudimentary model universe whih is isotropi at all points
(so that rotational invariane an be assumed everywhere), is populated entirely by idential
partiles having only the property of ountability and within whih the radius of any spherial
volume at any given time is dened in terms of the amount of mass ontained within the volume:
R = f(Nm0, t)→ δR ≈ f(Nm0 + δN m0, t)− f(Nm0, t) (1)
where N is the number of partiles onerned, m0 is a saling onstant having dimensions of
mass and f is an arbitrary monotoni inreasing funtion of N . In this way, we have immediately
dened one partiular invariant linear measurement (a radial one) suh that it beomes undened
in the absene of matter - in eet, we have provided an unalibrated metri (sine f is undened)
whih follows Leibniz in the required sense for any displaement whih is purely radial.
We now look for ways of generalizing this idea so that we an assign a metri to arbitrary
displaements within the model universe. To this end, we onsider the rst of (1) to be primary
and then invert it to give the unalibrated mass model,
Mass ≡ Nm0 =M(R, t) ≡M(x
1, x2, x3, x4),
of our rudimentary model universe (here, x4 ≡ ct). Note that we make no assumptions about
the relation of the spatial oordinates, (x1, x2, x3), to the radial displaement, R. Now onsider
the normal gradient vetor na = ∇aM (for whih hoie a detailed physial argument is given
in [14℄) and the hange in this arising from a displaement dxk,
dna = ∇i (∇aM) dx
i , (2)
where we assume that the geometrial onnetions required to give this latter expression an
unambiguous meaning are the usual metrial onnetions - exept of ourse, the metri tensor
gab is not yet dened.
Given that ∇a∇bM is nonsingular, then (2) provides a 1:1 mapping between the ontravariant
vetor dxa and the ovariant vetor dna so that, in the absene of any other denition, we an
dene dna to be the ovariant form of dx
a
. In this latter ase the metri tensor automatially
beomes gab ≡ ∇a∇bM whih, through the implied metrial onnetions, is a highly non-linear
equation dening gab to within the speiation of M. Note that, at this stage, M is assumed
to be arbitrary (beyond the basi requirement of monotoniity) whih is equivalent to saying
that the linear sale is unalibrated. Thus, assuming the usual weak equivalene priniple whih
requires that the ation
I =
∫ P1
P0
√
gij x˙ix˙j ds
is minimized for gravitational trajetories, then:
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the equations of motion will be invariant under arbitrary (monotoni) transformations
of the linear sale up to, but not inluding, the speiation of M.
We now ask what formM must have so that at spaetime, gab = γab, is reovered. The question
is trivially answered giving
M(R, ct) =
(
x1
)2
+
(
x2
)2
+
(
x3
)2
+
(
x4
)2
≡ R2 − c2t2.
The orresponding result from the quasi-lassial analysis of [14℄ (for the existene of Eulidean
frames) was that M(R) = R2, valid about any entre so that mass is distributed fratally with
D = 2 in that ase. In the present ase, for whih M(R, ct) = R2 − c2t2, we an say that the
mass distribution tends to beome fratal, D = 2, when very large spatial sales are onsidered
over very short time sales - that is, for ct << R.
Finally, we show, in appendix A, how this denition ofM(R, ct) an be onsidered as a lassial
model of a rudimentary material vauum whih, beause it is assoiated with gab = γab, we all
the Minkowski vauum. Thus, on large enough distane sales and short enough temporal sales,
the relativisti material vauum also tends to fratal with D = 2.
3.2 Fratal D = 2 universe
The original quasi-lassial theory states that the material vauum of the equilibrium model is
exatly fratal with D = 2, whilst the urrent relativisti theory states that it tends to this
state on large enough spatial sales and short enough temporal sales. If one imagines that
ordinary matter somehow `ondenses' out of the material vauum (say by ollision proesses)
then it follows that the distribution of ordinary material must be fratal-like with maximum
fratal dimension D = 2 and where we ould expet this latter gure to be losely approahed
in a `maximally evolved' system.
The idea that the universe might, indeed, be fratal is an old one whih an be traed to
Charlier's oneption of an hierarhial universe [24, 25, 26℄. The ontemporary debate was
probably initiated by Pietronero in 1987 [27℄ and Coleman et al in 1988 [28℄ and, in reent years,
several quantitative analyses of both penil-beam and wide-angle surveys of galaxy distributions
have been performed: three reent examples are give by Joye et al [29℄ who analysed the
CfA2-South atalogue to nd fratal behaviour with D= 1.9 ± 0.1; Sylos Labini & Montuori
[30℄ analysed the APM-Stromlo survey to nd fratal behaviour with D= 2.1± 0.1, whilst Sylos
Labini et al [31℄ analysed the Perseus-Pises survey to nd fratal behaviour with D= 2.0± 0.1.
There are many other papers of this nature in the literature all supporting the view that, out
to about 50Mpc at least, galaxy distributions appear to be fratal with D ≈ 2. This latter view
is now widely aepted (for example, see Wu, Lahav & Rees [32℄), and the open question has
beome whether or not there is a transition to homogeneity on some suiently large sale.
The argument has reently redued to a question of statistis: basially, the proponents of
the fratal view argue that the statistial tools (eg orrelation funtion methods) widely used to
analyse galaxy distributions by the proponents of the opposite view are deeply rooted in lassial
ideas of statistis and impliitly assume that the distributions from whih samples are drawn are
homogeneous in the rst plae. Thus, muh eort is being expended developing tools appropriate
to analysing samples drawn from more general lasses of populations - a general fous being the
idea that one should not disuss fratal strutures in terms of the orrelation amplitude sine the
only meaningful quantity is the exponent haraterizing the fratal behaviour. Reent papers
arguing this general point of view are Sylos Labini & Gabrielli [33℄ and Gabrielli & Sylos Labini
[34℄.
Aording to the present theory, the debate should be settled in favour of the globally fratal
universe, D = 2.
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4 The emergene of gravitation
It was shown in [15℄ how Newtonian gravitation emerges as a spherial perturbation of the
equilibrium bakground, and a similar result is true here, as we shall show in detail from 5
onwards. Thus, for example, we suppose that a spherially symmetri distribution of ponderable
material an be represented as a spherially symmetri disturbane of the vauum so that, if
M(0) represents the undisturbed vauum, then
M =M(0) + ǫ
represents the disturbed vauum and
gab = ∇a∇bM≡
∂2M
∂xa∂xb
− Γkab
∂M
∂xk
(3)
Γkab ≡
1
2
gkr
(
∂gbr
∂xa
+
∂gra
∂xb
−
∂gab
∂xr
)
gives the metri tensor in this disturbed vauum.
4.1 Linear momentum onservation within the formalism
Suppose that we have a nite ensemble of ponderable mass partiles, all having non-relativtisti
veloities, embedded in the D = 2 equilibrium bakground. Then, we an suppose that all
disussion of momentum onservation an be referred to the mass entre of the ensemble, and
that this mass entre is in dynami equilibrium with the bakground.
For any system of partiles of masses M1, ...,MN , desribed from a entre-of-mass frame, the
integrated Newtonian momentum-onservation equation beomes
M1R
1 +M2R
2 + ...+MNR
N = 0.
The masses appearing in this equation are now arbitrarily partitioned into the pair of ensembles
M1, ...,Mk−1 and Mk, ...,MN . Dening the mass of the whole system as M , and the mass of the
ensemble M1, ...,Mk−1 as m, then the foregoing equation an be written as
mr + (M −m)R = 0,
where r and R are the respetive mass-entres of the two, arbitrarily dened, partile ensembles
dened with respet to the mass entre of the whole ensemble. Any interation an then be
onsidered as being between the partile ensemble of mass m and the rest of the ensemble,
having mass M−m. Whatever the details of this interation, these two partile ensembles must,
together, evolve from their initial state in suh a way that linear momentum is onserved for all
t > 0 so that, always,
mr = −(M −m)R→ r = λR (4)
But, it is easily shown that, for unspeied M, the equations of motion arising from (3) are sale-
invariant under the light-one preserving transformation r = λR, t = λT for non-zero onstant
λ; in partiular, this is true for the λ value dened at (4). It follows that the equations of motion
for r and t will transform into idential equations of motion for λR and λT so that, with the
initial ondition r(0) = λR(0), the alulated trajetories will satisfy r = λR for all time. That
is, linear momentum is exatly onserved within the formalism.
7
5 Point-soure disturbanes in the Minkowski vauum
In the following, a point-mass gravitating soure is represented as a spherially symmetri point-
soure disturbane of the Minkowski vauum and, in appendix C, we show that a rst-order
approximation to suh a disturbane has the struture
M(1)(x) =M(0)(x) +
H(R− ct)
R
, (5)
where H is a twie-dierentiable funtion. Following the details of appendix C, we nd that the
orresponding perturbed metri is given by
g
(1)
ab ≡ γab + ǫ
(1)
ab = γab +
∂2E(1)
∂xa∂xb
= γab +
∂2
∂xa∂xb
(
H
R
)
.
Expanding this expression, forming the orresponding proper-time element, and transforming to
spherial polar oordinates we obtain, as detailed in appendix B,
dτ 2 = ∆0(R, dR, dφ, dt) + ∆1(R, dR, dφ, dt) + ∆2(R, dR, dφ, dt) (6)
∆0 ≡ c
2dt2 − dR2 − R2dΦ2,
∆1 ≡
H¨
R
(
dR2 − 2cdRdt+ c2dt2
)
,
∆2 ≡
H˙
R2
(
−2dR2 +R2dφ2 + 2cdRdt
)
−
H
R3
(
−2dR2 +R2dφ2
)
.
The ∆0 omponent represents the innitessimal proper-time registered by a test-partile moving
in the undisturbed Minkowski vauum, whilst ∆1 and ∆2 desribe the perturbation of this
proper-time element aused by the point-soure.
5.1 The integrated eet of many disturbanes
Now suppose that the disturbane whih gives rise to (6) is simply one of a ontinual train of
idential disturbanes passing through the partile with a regular frequeny measured in the rest-
frame of the soure (the soure is onsidered as an osillator), then we an replae H¨, H˙ and H
by their mean-values between suessive minima in the train of disturbanes, and redene dτ 2 of
(6) as a measure of the mean proper-time registered by the test-partile between these suessive
minima. With this understanding, and writing the mean-value of H¨ as λ, then, to O(1/R), a
spherially symmetri disturbane in the Minkowski vauum passing through the test-partile
auses the partile to register a mean innitessimal proper-time, given by
dτ 2 ≈ c2
(
1 +
λ
R
)
dt2 −
2cλ
R
dRdt−
(
1−
λ
R
)
dR2 − R2dφ2, (7)
measured over the interval for whih the disturbane an be said to be passing through the
partile. Now, sine the integrated magnitude of the deviation of the disturbed proper-time
from the undisturbed proper-time, measured over any nite interval, will depend on the frequeny
with whih the disturbanes arrive at the test-partile then we an dedue that the undetermined
parameter λ must be a measure of the frequeny, and hene rest-mass, of the disturbing soure.
Consequently, λ = βM0, for onstant β and rest-mass M0, and the proper-time element (7) is
now redued to the general form of that arising in any onventional metri-gravitation theory.
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Finally, we notie that the general form of (7) is idential to that of the Eddington form of the
Shwarzshild proper-time element and that the two forms math exatly if λ = −2γM0/c
2
;
onsequently, under the transformation,
cdt→ cdt+
(
1−
c2R
2γM0
)
−1
dR
then
dτ 2 ≈ ∆0 +∆1 ≡ c
2
(
1−
2γM0
c2R
)
dt2 − R2dφ2 −
(
1−
2γM0
c2R
)
−1
dR2,
and this form is idential to the Shwarzshild proper-time element, as required.
6 Blak holes without singularities
The proper-time element, (6), is only fully determined when the negleted H˙/R2 and H/R3
terms are inluded. It transpires that their presene removes the essential singularity at R = 0
in the line element.
In the previous setion, we dened λ as the mean value of H¨ between suessive minima in the
train of vauum disturbanes generated by the entral massive soure. If we now dene α and
β, in a similar way, as the orresponding mean values of H˙ and H , and make the denitions
X = 1 +
λ
R
Y = 1−
α
R2
−
β
R3
Z =
λ
R
−
α
R2
,
then the full line element, given at (6), leads fairly easily to the equations of motion
k1
R2
dR
dΦ
= ±
√
Y (−k20Y +XY + k
2
1X/R
2)
X2 − 2XY − Z2
≡ ±W
dΦ
cdt
=
Xk1
R2 (Y k0 ± ZW )
,
so that the radial veloity equation is given by
dR
cdt
=
dR
dΦ
dΦ
cdt
=
±XW
Y k0 ± ZW
(8)
where the hoie of signature `±' determines if radial motion is towards, or away from, the
gravitating soure. Note that α = β = 0 yields the orresponding GR equations.
In the previous setion, we showed λ = −2γM/c2 so that the Shwarzshild radius is at Rs = −λ.
Consequently, from the denition of X , we see that X = 0 in (8) on the Shwarzshild boundary,
and an analysis of the equation in the region of this boundary shows that test-partiles an
ross it when inward-bound (signature hoie is `−'), but annot ross it when outward bound
(signature hoie is `+'). In this sense, of ourse, the presented theory is in diret aord with
the GR model.
The real dierenes between the presented theory and GR emerge when the radial equation (8)
is analysed in the limit of R→ 0. Speially, we nd
dR
cdt
≈ ±
(
λ
α
)
R,
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so that, as an immediate onsequene,
d2R
c2dt2
=
(
λ
α
)2
R
whih implies that gravitational attration `turns o' at some R = R∗ for 0 < R∗ < Rs, and
beomes gravitational repulsion in the region 0 < R < R∗. The origin, R = 0, is a point of
unstable equilibrium, and so an be onsidered as the top of a `potential hill'. Consequently,
the essential singularity whih exists in the GR model at R = 0 does not exist in the perturbed
Minkowski vauum model.
7 The absene of dipole eets
We have already noted that linear momentum is exatly onserved within the formalism (at
least for non-relativisti systems) so that there an be no dipole eets arising from the non-
onservation of linear momentum. In the following, we show that dipole radiation in general is
expliitly absent from the theory in its radiation model interpretation.
We begin by noting that the far-eld solution of any gravitationally radiating binary system
will neessarily be spherially symmetri. Consequently, if we wish to determine whether or
not dipole radiation exists at all aording to the theory, then it is suient to investigate the
general radiation solution for the spherially symmetri ase up to its lowest order multipole.
The details of this analysis are given in appendies C and D where it is found that
M(x) =M(0)(x) +
H(R− ct)
R
+
G(R− ct)
RN
× (regular function) + ...,
where N > 2 so that dipole terms are expliitly exluded from the general multipole solution.
The orresponding metri is then found by using the relationship
gab =
(
∂2M
∂xa∂xb
− Γkab
∂M
∂xk
)
Γkab ≡
1
2
gkr
(
∂gbr
∂xa
+
∂gra
∂xb
−
∂gab
∂xr
)
.
8 Conlusions
Using a view of the universe that an be traed to Aristotle, via Mah, Liebniz and Berkeley
we have arrived at a relativisti theory of relational gravity whih, apart from satisfying all the
standard loal tests, onserves linear momentum exatly in a slow moving N-body system and is
expliitly free of any dipole gravitational radiation omponent. We an therefore expet that it
will be `good' for the binary pulsar tests also (eg Will [35℄). Furthermore, the theory predits the
existene of blakholes with the usual Shwarzshild radius but without the essential singularities
that exist in anonial theory.
A The Material Vauum
It is easily shown that
M(0) ≡
1
2
(xi − xi0)(x
j − xj0)γij ≡ ∆0
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for an arbitrary origin xi0 whih satises ∆0 > 0 gives rise diretly, via (3), to gab = γab. A
natural generalization ofM(0), obtained by summing over all possible origins, is given by
M(0) =
∑
x1
0
∑
x2
0
∑
x3
0
∑
x4
0
α(x10, x
2
0, x
3
0, x
4
0)∆0 (9)
where α(x10, x
2
0, x
3
0, x
4
0) is suh that M
(0)
also gives gab = γab when put into (3).
An understanding of the meaning of thisM(0) an be had by onsidering the expanding surfae
(xi − xi0)(x
j − xj0)γij ≡ (x− x0)
2 − c2(t− t0)
2 = k2,
for k some real onstant, generated by a single term of (9). It is easily shown that the radial
speed of suh an expanding surfae inreases from 0 to c on the range |k| ≤ |x − x0| < ∞.
It follows that M(0), whih is dened by (9) at the spaetime point (x, ct) by summing over
all admissible origins (x0, ct0), is a sum over an innity of instantaneously interseting surfaes
expanding from all possible diretions and at all possible subluminal speeds. In this way, we
generate a lassial image of a ontinually utuating relativistially invariant material vauum.
Consequently, (9) an be interpreted as a rudimentary model of a lassial utuating material
vauum.
B Details of the Monopole Approximation
In this appendix we give the details of the algebra leading up to (6). Dening the parameter
S ≡ R − ct where R2 = (x1)2 + (x2)2 + (x3)2, and using the notation x0 = ct, then we nd
ǫ
(1)
ab ≡
∂2
∂xa∂xb
(
H
R
)
=
H¨
R
SaSb +
H˙
R2
(RSab − RaSb − RbSa)−
H
R3
(RRab − 2RaRb) , (10)
where
H˙ ≡
dH
dS
;
Sa ≡
∂S
∂xa
=
xa(1− δa0)
R
− δa0;
Ra ≡
∂R
∂xa
=
xa(1− δa0)
R
;
Sab ≡
∂2S
∂xa∂xb
=
(1− δa0)(1− δb0)
R
(
δab −
xaxb
R2
)
Rab ≡
∂2R
∂xa∂xb
≡ Sab.
Now onsider a partile, having oordinates (xa) relative to the spatial origin, being displaed
to (xa + dxa). The orresponding proper-time element for this displaement is given by
dτ 2 = (γij + ǫ
(1)
ij )dx
idxj ,
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so that, using (10), we nd
dτ 2 = γijdx
idxj +
H¨
R
[
1
R
(
x1dx1 + x2dx2 + x3dx3
)
− dx0
]2
+
H˙
R2
[
(dx1)2 + (dx2)2 + (dx3)2 −
3
R2
(
x1dx1 + x2dx2 + x3dx3
)2
+
2
R
(
x1dx1 + x2dx2 + x3dx3
)
dx0
]
−
H
R3
[
(dx1)2 + (dx2)2 + (dx3)2 −
3
R2
(
x1dx1 + x2dx2 + x3dx3
)2]
.
Using the spherial polar oordinate transformations x1 = R cosφ, x2 = R sin φ, x3 = 0 ≡ θ =
π/2 and x0 = ct, then this expression an be written as
dτ 2 = c2dt2 − dR2 −R2dφ2 +
H¨
R
(
dR2 − 2cdRdt+ c2dt2
)
+
H˙
R2
(
−2dR2 +R2dφ2 + 2cdRdt
)
−
H
R3
(
−2dR2 +R2dφ2
)
,
for the result.
C Multi-pole disturbanes in the vauum
The general formalism is given by
gab =
(
∂2M
∂xa∂xb
− Γkab
∂M
∂xk
)
where
Γkab =
1
2
gkr
(
∂gbr
∂xa
+
∂gra
∂xb
−
∂gab
∂xr
)
,
and the Minkowski vauum is given by
M(x) ≡ M(0)(x) =
1
2
(xi − xi0)(x
j − xj0)γij
gab = γab
We an write a perturbed solution as
M(x) = M(0)(x) + E(x) (11)
gab = γab + ǫab, (12)
where E(x) is a disturbane of the Minkowski vauum and ǫab is the orresponding perturbation
of the metri-tensor. By writing
∆ab ≡
∂2.
∂xa∂xb
− Γkab
∂.
∂xk
(13)
 ≡ gij∆ij (14)
then the formalism an be expressed as
gab = ∆abM(x) (15)
where
M = 4. (16)
Suppose we express (11) and (12) in the form
M(x) = M(0)(x) +
∞∑
r=1
E(r)(x),
gab = γab +
∞∑
r=1
ǫ
(r)
ab ,
where the summations onverge uniformly to E(x) and ǫab respetively, then
M(n)(x) = M(0)(x) +
n∑
r=1
E(r)(x) (17)
g
(n)
ab = γab +
n∑
r=1
ǫ
(r)
ab (18)
an be onsidered as an n-th order approximation to the exat solution and where, in this nota-
tion,M(0) represents the Minkowski vauum and g
(0)
ab ≡ γab. The (n+1)-th order approximation
M(n+1) = M(n) + E(n+1) (19)
g
(n+1)
ab = g
(n)
ab + ǫ
(n+1)
ab ; n = 0, 1, ... (20)
an be generated from the n-th order approximation by implementing the following algorithm:-
Use g
(n)
ab to dene ∆
(n)
ab and 
(n)
from (13) and (14) respetively, and then use (16) and (15) with
(19) and (20) to dene the reursive relations

(n)M(n+1) = (n)
[
M(n) + E(n+1)
]
= 4 (21)
g
(n+1)
ab = g
(n)
ab + ǫ
(n+1)
ab = ∆
(n)
ab M
(n+1); n = 0, 1, ... (22)
SineM(0) represents the Minkowski vauum and g
(0)
ab = γab by (17) and (18), then (21) together
with (22) an be used to generate a sequene of suessive approximations to the exat solution.
In partiular, sine it is easily shown that 
(0)M(0) = 4, then it follows from (21) that (0)E(1) =
0. Consequently, for a spherially symmetri disturbane, we nd the retarded solution
E(1) =
H(R− ct)
R
so that, as a rst approximation, we have
M(1) =M(0) +
H(R− ct)
R
. (23)
D The Absene of Dipole Eets.
Putting n = 1 in (21) leads to the equation for the seond order approximation, and this is given
by

(1)M(2) ≡ (1)
(
M(1) + E(2)
)
= 4
so that

(1)E(2) = 4−(1)M(1). (24)
13
Our analysis proeeds in the following way:- by showing that the soure term in this equation has
the form of an otopole multiplied by a regular funtion, we are able to show that E(2) annot
be of lower order than a quadropole.
The analysis requires that we onsider the expliit form of the operator 
(1)
whih is the rst
order approximation of the general wave operator
 ≡ gij
(
∂2.
∂xi∂xj
− Γkij
∂.
∂xk
)
(25)
where
Γkij =
1
2
gkr
(
∂gjr
∂xi
+
∂gri
∂xj
−
∂gij
∂xr
)
.
This approximation is obtained using
g
(1)
ab = γab + ǫ
(1)
ab (26)
whih, for small disturbanes, implies
gab(1) ≈ γab − ǫ
(1)
ab ,
where the disturbane is given by
ǫ
(1)
ab =
∂2E(1)
∂xa∂xb
=
∂2
∂xa∂xb
(
H(R− ct)
R
)
, (27)
and satises
γijǫ
(1)
ij ≡ γij
∂2E(1)
∂xi∂xj
= 0. (28)
Substitution of (26) into the denition (25) of  gives

(1) ≈
(
γij − ǫ
(1)
ij
)( ∂2.
∂xixj
− Γkij
∂.
∂xk
)
(29)
where
Γkij =
1
2
(
γkr − ǫ
(1)
kr
)(∂ǫ(1)jr
∂xi
+
∂ǫ
(1)
ri
∂xj
−
∂ǫ
(1)
ij
∂xr
)
. (30)
Consequently,

(1) = (0) − γijΓ
k
ij
∂.
∂xk
− ǫ
(1)
ij
∂2.
∂xi∂xj
+ ǫ
(1)
ij Γ
k
ij
∂.
∂xk
, (31)
where 
(0)
is the at spae-time wave operator. The seond term on the right of this expression
is identially zero; to see this, we rst note that, by (30), it ontains the fator
γij
(
∂ǫ
(1)
jr
∂xi
+
∂ǫ
(1)
ri
∂xj
−
∂ǫ
(1)
ij
∂xr
)
. (32)
Using the denition (27) of ǫ
(1)
ab , we nd
γij
∂ǫ
(1)
jr
∂xi
= γij
∂
∂xi
(
∂2E(1)
∂xj∂xr
)
=
∂
∂xr
(
γij
∂2E(1)
∂xi∂xj
)
.
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Using (28) we immediately obtain
γij
∂ǫ
(1)
jr
∂xi
= 0.
A similar analysis of the remaining terms in the expression (32) gives
γij
∂ǫ
(1)
ri
∂xj
= γij
∂ǫ
(1)
ij
∂xr
= 0,
so that, nally,
γijΓ
k
ij = 0,
for the result.
We now onsider the fourth term of (31):- by (30) this ontains the fator
ǫ
(1)
ij
(
∂ǫ
(1)
jr
∂xi
+
∂ǫ
(1)
ri
∂xj
−
∂ǫ
(1)
ij
∂xr
)
. (33)
By (10) the rst term of (33) an be expressed as
ǫ
(1)
ij
∂ǫ
(1)
jr
∂xi
=
(
H¨
R
SiSj +
H˙
R2
(RSij − RiSj − RjSi)−
H
R3
(RRij − 2RiRj)
)
×
∂
∂xi
(
H¨
R
SjSr +
H˙
R2
(RSjr − RjSr −RrSj)−
H
R3
(RRjr − 2RjRr)
)
=
(
H¨
R
SiSj +
H˙
R2
(RSij − RiSj − RjSi)−
H
R3
(RRij − 2RiRj)
)
×
(
H˙
R
SiSjSr −
H¨
R2
(RiSjSr + SiRjSr + SiSjRr) +
H¨
R
(SijSr + SjSir + SiSjr)
−
H˙
R2
(SjrSi + SjrRi + SijSr + SijRr + SirSj + SirRj)
+
2H˙
R3
(SiRjRr + SjRiRr + SrRiRj) +
H˙
R
Sijr +O
(
1
R4
))
.
Use of the easily proven identities
SkSk ≡ 0,
SkRk = 1,
SkSkj ≡ 0 (34)
SijSij =
2
R2
Sabc = −
Ra
R
Sbc −
Rb
R
Sca −
Rc
R
Sab
in this expression leads to
ǫ
(1)
ij
∂ǫ
(1)
jr
∂xi
≈ P4 × Sr,
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where P4 denotes an otopole term. Similar analyses on the remaining two terms of (33) then
gives the result
ǫ
(1)
ij Γ
k
ij ≈ P4 × Sk
Thus, we an nally write

(1) ≈ (0) − ǫ
(1)
ij
∂2.
∂xi∂xj
+ P4 × Sk
∂.
∂xk
,
so that (24) an be written as

(0)E(2) − ǫ
(1)
ij
∂2E(2)
∂xi∂xj
+ P4 × Sk
∂E(2)
∂xk
=
4−(0)M(1) + ǫ
(1)
ij
∂2M(1)
∂xi∂xj
− P4 × Sk
∂M(1)
∂xk
. (35)
Putting n=0 in (21) shows that the rst two terms on the right side of this expression anel, so
let us now onsider the third term:- From the rst order solution we have
∂2M(1)
∂xa∂xb
≡ g
(1)
ab = γab + ǫ
(1)
ab
so that, for the third term, we get
ǫ
(1)
ij
∂2M(1)
∂xi∂xj
= ǫ
(1)
ij γij + ǫ
(1)
ij ǫ
(1)
ij .
Sine γijǫ
(1)
ij = 0 by (28), then we need only onsider the quadrati term. Using (10) and the
relations (34), we an easily show that this leads to the result
ǫ
(1)
ij ǫ
(1)
ij ≈ P4.
Finally, we onsider the fourth term on the right of (35):- sine the rst order solution is given
by
M(1) =M(0) +
H(R− ct)
R
,
where U (0) is a regular salar funtion, then this nal term of (35) beomes
P4 × Sk
∂M(1)
∂xk
= P4
(
∂M(0)
∂xk
Sk +
H˙
R
SkSk −
H
R2
SkRk
)
.
Sine Sk is a vetor with regular omponents (see (10)), and U
(0)
is a regular salar whih is
everywhere twie dierentiable, then the rst term in the brakets on the right of this expression
is also a regular salar funtion; use of the identities SkSk = 0 and SkRk = 1 then gives
P4 × Sk
∂M(1)
∂xk
= P4 × (G(x) + P2)) ≈ P4 ×G(x),
for some regular funtion G, and where P2 denotes a dipole term. Colleting these results gives,
from (35),

(0)E(2) − ǫ
(1)
ij
∂2E(2)
∂xi∂xj
+ P4 × Sk
∂E(2)
∂xk
≈ P4 ×M(x). (36)
16
Remembering that, aording to (10), ǫ
(1)
ab behaves as a monopole it is now simple to show that
E(2) must have the general form
E(2) =
G(R− ct)
RN
× (Regular function); N > 2.
Consequently, the seond order approximation to the stellar model an be expressed as
M(2)(x) ≈M(0)(x) +
H(R− ct)
R
+
G(R− ct)
RN
× (Regular function) + ...,
where N > 2, so that, aording to the vauum gravity formalism, dipole eets are absent in
an arbitrarily dened spherially symmetri disturbane of the Minkowski vauum.
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